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Abstract
We show that hereditary transitivity (respectively strongly hereditary transitivity) is equivalent to weak
mixing (respectively strong mixing) in a discrete dynamical system with Polish phase space. We also study
the connection between local orbit structure and hypercyclicity, and obtain a “local hypercyclicity criterion.”
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Throughout this paper we denote by Z+, N, and R+ the sets of non-negative integers, posi-
tive integers, and non-negative real numbers, respectively. Let X be a Banach space and {Tj }j1
a sequence of bounded linear operators on X. The sequence {Tj }j1 is called hypercyclic pro-
vided that there exists some x ∈ X such that {Tjx: j  1} is dense in X. An operator T is
called hypercyclic provided that the sequence of its iterates {T j }j1 is hypercyclic. It is sur-
prising that a linear operator can actually be hypercyclic. The first example was constructed by
Rolewicz [20] in 1969. He showed that if B is the backward shift on l2(N), then λB is hyper-
cyclic if and only if |λ| > 1. Motivated by Rolewicz’s work, Kitai [18], Gethner and Shapiro [13]
developed the “Hypercyclicity Criterion” independently (see Section 3 for the statement of this
criterion). This criterion has been used to determine the hypercyclicity of some classes of opera-
tors [2,5,7,8,14,17]. In 1999, Bés and Peris introduced the notion of hereditary hypercyclicity and
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if and only if T × T is hypercyclic (see [4]). Recently, Peris and Saldivia showed that T satisfies
the Hypercyclicity Criterion if and only if it is syndetically hypercyclic (see [19, Theorem 2.3]).
This result was also obtained independently by Grivaux [15, Theorem 3.1].
Let T be a bounded linear operator on the Banach space X and (mk)k1 a strictly increasing
sequence of non-negative integers. Recall that T is called hereditarily hypercyclic with respect to
(mk)k1 if for all subsequences (mkj )j1 of (mk)k1, {T mkj }j1 is hypercyclic. An operator T
is called hereditarily hypercyclic if it is hereditarily hypercyclic with respect to some sequence
(mk)k1. If T is hereditarily hypercyclic with respect to Z+, then T is called strongly hereditarily
hypercyclic.
Weak mixing or strong mixing (for the definitions, see Section 2) is an important notion in the
theory of dynamical system (see, e.g., [1,12,21]). In [12], Furstenberg characterized weak mixing
by combinatorial properties of the meeting time sets (see Proposition 2.1), and proved that weak
mixing is equivalent to weak mixing of order n, n ∈ N (see Proposition 2.2). Recently, the strong
mixing properties of operators on Banach spaces have been investigated by many authors (see,
e.g., [3,9,15,19,22]1).
In Section 2, similar to the case of an operator, we introduce the concepts of hereditary
transitivity and strongly hereditary transitivity (see Definition 2.3) in dynamical systems. Using
Furstenberg’s results mentioned above, we show that hereditary transitivity (respectively strongly
hereditary transitivity) is equivalent to weak mixing (respectively strong mixing) if the state space
is a Polish one (i.e., complete separable metric space).
In Section 3, we use results of Bourdon and Feldman (see [6,11]) to study the connection
between the orbit structure of T in an open set and the hypercyclicity of T . In particular, we
obtain a “local hypercyclicity criterion.”
2. Hereditary transitivity and mixing
Let X be a topological space, and {Ti}i1 a sequence of continuous maps from X to itself.
The sequence {Ti}i1 is called topologically transitive if for any two non-empty open subsets U
and V of X, there is some Ti such that Ti(U)∩V = ∅. It is well known that if the phase space X
is a Polish space having no isolated point (for example, a separable Banach space), then {Ti}i1
is topologically transitive if and only if it has a dense orbit, i.e., there exists some x ∈ X such
that the orbit
Orb
({Ti}i1, x
) := {Tix: i  1}
is dense in X (see [16, Theorem 1]). A continuous map T :X → X is called topologically transi-
tive if {T i}i1 is topologically transitive, and is called weakly mixing if T ×T :X×X → X×X
is topologically transitive. Also, T is called strongly mixing if for any two non-empty open
subsets U and V of X, there exists some M ∈ N such that U ∩ T n(V ) = ∅ for all nM . Topo-
logical transitivity, weak mixing and strong mixing are three kinds of basic transitive phenomena.
Clearly, strong mixing implies weak mixing, and weak mixing implies topological transitivity.
A subset S of Z+ is called a thick set if it contains arbitrarily long runs, i.e., for every M ∈ N
there exists t ∈ Z+ such that t, t + 1, . . . , t +M ∈ S. S is called a co-finite set if Z+ \S is a finite
1 It is pointed out by the referee that all results in [22] have been obtained by other authors in [4,9,15] already.
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subsets of X, the meeting time set
N(U,V ) := {n ∈ N: T n(U) ∩ V = ∅}= {n ∈ N: U ∩ T −nV = ∅}
is a co-finite set.
Furstenberg gave some characterizations about weakly mixing systems as follows.
Proposition 2.1. [12] Let T :X → X be a continuous map on the topological space X, then the
following are equivalent:
(i) T is weakly mixing.
(ii) N(U,V ) is a thick set in Z+ for any pair U,V of non-empty open subsets of X.
Proposition 2.2. [12] Let T :X → X be a continuous map on the topological space X. If T is
weakly mixing, then for any m ∈ N the product system
T × T × · · · × T︸ ︷︷ ︸
m
:X × X × · · · × X︸ ︷︷ ︸
m
→ X × X × · · · × X︸ ︷︷ ︸
m
is topologically transitive.
Similar to the case of an operator [4], we give the following:
Definition 2.3. Let T :X → X be a continuous map on the topological space X, and (mk)k1
a strictly increasing sequence of non-negative integers. T is called hereditarily transitive with
respect to (mk)k1 provided that for any subsequence (mkj )j1 of (mk)k1, {T mkj }j1 is topo-
logically transitive. T is called hereditarily transitive provided that T is hereditarily transitive
with respect to some natural number sequence {mk}k1, and strongly hereditarily transitive pro-
vided that T is hereditarily transitive with respect to Z+.
Now we start to prove the main result in this paper.
Theorem 2.4. Let X be a Polish space and T :X → X a continuous map. Then
(a) T is weakly mixing if and only if T is hereditarily transitive;
(b) T is strongly mixing if and only if T is strongly hereditarily transitive.
Proof. (a) Suppose T is weakly mixing. Let U = {Ui}∞i=1 be a topological base of X. PutA = {(Ui,Uj ): (i, j) ∈ N × N}. Since A is countable, we can rewrite A by A = {(Vi,Wi):
i = 1,2, . . .}, where Vi,Wi ∈ {Ui}∞i=1.
Now we define a sequence {nk} ⊂ Z+ inductively. Since T is topologically transitive, there
exists some n1 ∈ Z+ such that T n1(V1) ∩ W1 = ∅. Suppose that ni has been defined for i  k,
which satisfies ni > ni−1 and T nk (Vj ) ∩ Wj = ∅, 1  j  k. For the case of i = k + 1, by
Proposition 2.2,
T × T × · · · × T︸ ︷︷ ︸
k+1
:X × X × · · · × X︸ ︷︷ ︸
k+1
→ X × X × · · · × X︸ ︷︷ ︸
k+1
is topologically transitive. Hence there exists some nk+1 > nk such that
(T × · · · × T )nk+1(V1 × · · · × Vk+1) ∩ (W1 × · · · × Wk+1) = ∅,
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T nk+1(Vj ) ∩ Wj = ∅, 1 j  k + 1.
Thus, we obtain a sequence {nk}k1. From the above construction, it is easy to see that for any
(Vk,Wk) ∈A we have
T ni (Vk) ∩ Wk = ∅, for all i  k. (2.1)
Since (Vi,Wi), i = 1,2, . . . , range over U × U , (2.1) implies that T is hereditarily transitive
with respect to {ni}∞i=1.
Conversely, suppose that T is hereditarily transitive with respect to {ni}∞i=1. Let U1,V1, U2,
V2 be four non-empty open sets in X. Since {T ni : i = 1,2, . . .} is transitive, there exists a subse-
quence {nij }j1 of {ni}∞i=1 such that
T
nij (U1) ∩ V1 = ∅, for all j  1.
Since T is also hereditarily transitive with respect to {ni}∞i=1, {T nij : i = 1,2, . . .} is topologically
transitive. So there exists some nij ′ such that
T
ni
j ′ (U2) ∩ V2 = ∅.
Thus, (T × T )nij ′ (U1 × U2) ∩ (V1 × V2) = ∅. It follows that T × T :X × X → X × X is topo-
logically transitive. Therefore, T :X → X is weakly mixing.
(b) Suppose that T is strongly mixing and S is an arbitrary infinite sequence in Z+. Then
for any two non-empty open subsets U and V of X, we know that N(U,V ) is a co-finite set
by the definition of strong mixing. So N(U,V ) ∩ S = ∅, and thus there exists some n ∈ S such
that T n(U) ∩ V = ∅. Hence {T i : i ∈ S} is topologically transitive. Since S is arbitrary, T is
hereditarily transitive with respect to Z+.
Conversely, suppose that T is strongly topologically transitive. If T is not strongly mixing,
then there exist two non-empty open sets U and V in X such that N(U,V ) is not a co-finite set.
Thus, there is an infinite sequence S = {ni}i1 such that N(U,V ) ∩ S = ∅, which contradicts
the assumption that T is strongly hereditarily transitive. 
Remark 2.5. The linear case version of Theorem 2.4(a) was proved by Bès and Peris (see
[4, Theorem 2.3]). Also, Peris and Saldivia [19, Proposition 2.2] showed that T is weakly
mixing if and only if it is syndetically transitive (i.e., if and only if for each pair of non-
empty open subsets U,V of X, and for each strictly increasing sequence of integers nk with
supk{nk+1 − nk} < ∞, there exists q such that T nqU ∩ V = ∅).
3. Local structure of orbits and hypercyclicity
We need the following result given by Bourdon and Feldman in [6] for the proof of Theo-
rem 3.2 in this section.
Theorem 3.1. [6] Let X be a separable Banach space, T :X → X a bounded linear operator.
If there exist x ∈ X and a non-empty open set U ⊂ X such that Orb(T , x) ∩ U is dense in U ,
then T is hypercyclic.
Let S be a subset of Z+. For any n ∈ Z+, define n + S to be the set {n + s: s ∈ S}.
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let U be a non-empty open subset of X.
(a) T :X → X is hereditarily hypercyclic if N(V,W) is a thick set for any two non-empty open
sets V,W ⊂ U.
(b) T :X → X is strongly hereditarily hypercyclic if N(V,W) is a co-finite set for any two
non-empty open sets V,W ⊂ U.
Proof. (a) Put Y = U . Let {Ui}∞i=1 be a countable topological base of X, and let Vi =⋃∞
n=1 T −n(Ui), for i = 1,2, . . . .
Claim. Vi ∩ Y is dense in Y if Vi ∩ Y = ∅.
Suppose that the claim is false, then there is an non-empty open set V ⊂ U such that
V ∩ Vi ∩ Y = ∅. (3.1)
Since Vi ∩ Y = ∅, there exists a natural number n0 such that the open set W := T −n0(Ui) ∩
U = ∅. Thus N(V,W) is a thick set (in particular, it is non-empty), which contradicts (3.1). So
Vi ∩ Y is open and dense in Y under the relative topology. By the Baire property we know that⋂
i: Vi∩Y =∅(Vi ∩ Y) is a dense Gδ subset of Y . Take an arbitrary x ∈
⋂
i: Vi∩Y =∅(Vi ∩ Y). By the
definition of Vi we know that Orb(T , x) ∩ U is dense in U . Thus, by Theorem 3.1, T :X → X
is hypercyclic. Hence for any two non-empty open sets V ′,W ′ ⊂ X there exist natural numbers
n1, n2 with n1 < n2 such that
T −n1(V ′) ∩ U = ∅ and T −n2(W ′) ∩ U = ∅.
Thus, by the condition of (a), N(T −n1(V ′)∩U,T −n2(W ′)∩U) is a thick set. It is easy to see that
N(V ′,W ′) ⊃ (n2 − n1) + N(T −n1(V ′) ∩ U,T −n2(W ′) ∩ U), which implies that N(V ′,W ′) is
also a thick set. Thus T :X → X is hereditarily hypercyclic by Proposition 2.1 and Theorem 2.4.
(b) Since a co-finite set must be thick, from (a) we know that T :X → X is hypercyclic.
Thus for any two non-empty subsets U1,U2 of X, there exist natural numbers n1, n2 such that
T −n1(U1)∩U = ∅ and T −n2(U2)∩U = ∅. By the given conditions we get that N(T −n1(U1)∩U,
T −n2(U2) ∩ U) is a co-finite set, which implies N(U1,U2) is a co-finite set. Thus T :X → X is
strongly mixing. 
The following “Hypercyclicity Criterion” was discovered by Kitai [18], and by Gethner and
Shapiro [13] independently.
Hypercyclicity Criterion. We say that T satisfies the Hypercyclicity Criterion provided that
there are dense subsets X0 and Y0 of X, a sequence (nk) of non-negative integers, and (not
necessarily continuous) maps Snk :Y0 → X so that
(i) T nk → 0 pointwise on X0,
(ii) Snk → 0 pointwise on Y0,
(iii) T nkSnk → IdY0 pointwise on Y0, (3.2)
where IdY0 is the identity restricted to Y0.
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then T is hereditarily hypercyclic (equivalently, weakly mixing). Recently, Conejero, Peris,
Costakis and Sambarino also gave some strong mixing criterions (see [3,9]). The following the-
orem gives a local version of these criterions.
Theorem 3.3. Let T :X → X be a bounded linear operator on a Banach space X. Let U be
a non-empty open set of X. If there exist two dense subsets X0, Y0 of U , non-negative integer
sequence (nk) and Snk :Y0 → X such that the conditions (i)–(iii) in (3.2) hold, then:
(a) T is hereditarily hypercyclic.
(b) If the sequence (nk) in (3.2) equals to N, then T is strongly hereditarily hypercyclic.
Proof. (a) Let V,V ′,W,W ′ be non-empty open subsets of U . Take x ∈ X0, y ∈ Y0 and ε > 0
such that B(x, ε) ⊂ V,B(y,2ε) ⊂ V ′. By (3.2) there exists some M > 0 such that T nkx ∈
B(0, ε), Snky ∈ B(0, ε) and T nkSnky − y ∈ B(0, ε) for k > M . So we get x + Snky ∈ V, and
T nk (x + Snky) ∈ V ′ for all k > M . Thus, N(V,V ′) ⊃ {nk: k > M}. Similarly, we can prove that
there exists M ′ > 0 such that N(W,W ′) ⊃ {nk: k > M ′}. Hence, for each k max{M,M ′},
(T × T )nk (V × W) ∩ (V ′ × W ′) = ∅. (3.3)
By (3.3) and the process similar to the proof of Theorem 3.2(a) we know that there exists a
point (x, y) ∈ X ×X such that Orb(T × T , (x, y))∩ (U ×U) is dense in U ×U . Applying The-
orem 3.1 we have that T × T :X ×X → X ×X is hypercyclic, that is, T :X → X is hereditarily
hypercyclic.
(b) If (nk) = N, then using the same method as in (a) we know that for any two non-empty
open subsets V , W of U there exists M > 0 such that T k(V )∩W = ∅ for k > M . It follows from
Theorem 3.2(b) that T :X → X is strongly hereditarily hypercyclic. 
Remark 3.4. The converse to Theorem 3.3(a) is true [4, Theorem 2.3], but the converse to Theo-
rem 3.3(b) is not: If (wn) is a decreasing sequence of positive weights such that n(w1w2 · · ·wn) 1n
tends to zero as n tends to infinity and Bw is the corresponding unilateral backward weighted shift
on 2, then T = I + Bw is strongly mixing (equivalently, strongly hereditarily hypercyclic) and
limn→∞ T nx = 0 only at x = 0 (see [15, Theorem 2.5]).
Remark 3.5. The condition of Theorem 3.3(b) can be weakened by only requiring the sequence
(nk) to be syndetic, and from Remark 3.3 in [3] we know that these two conditions are actually
equivalent.
Let T be a bounded linear operator and U a non-empty open subset of X. Suppose that x ∈ X,
and d > 0. The orbit Orb(T , x) is called d-dense in U if for any y ∈ U , B(y, d)∩Orb(T , x) = ∅.
Feldman [11] studied the perturbations of hypercyclic vectors and obtained the following:
Theorem 3.6. [11] Suppose that X is a separable Banach space and T a bounded linear operator
on X. If T has a d-dense orbit for some d > 0, then T is hypercyclic.
Now we will give a local version of Theorem 3.6. A sequence {xn}∞n=1 ⊂ X is called
ε-separable if ‖xk − xn‖ ε for any n = k. If X is an infinite-dimensional normed linear space,
then X has a 1-separable sequence consisting of unital vectors (see [10]).
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a bounded linear operator on X. Let U be an open subset of X and let E = ⋃λ∈R+ λU be
its associated cone. If there exist z ∈ X and d > 0 such that the orbit Orb(T , z) is d-dense in E,
then T is hypercyclic.
Proof. Let V and W be any two non-empty open sets in E. Let B(x, ε) ⊂ V and B(y, ε) ⊂ W
be any two open balls with radius ε. Take λ such that λε > 2d . Then B(λx,λε) and B(λy,λε)
are two open balls in E with radius λε > 2d . From [10] we know that there exist a d-separable
sequence {xn}∞n=1 ⊂ ∂B(λx,λε/2) and a d-separable sequence {yn}∞n=1 ⊂ ∂B(λy,λε/2). Thus,
by the d-density of Orb(T , z), for each natural number n there exist kn and mn such that ‖T knz−
xn‖ < d and ‖T mnz− yn‖ < d . Clearly, the sets {kn}∞n=1 and {mn}∞n=1 are infinite and satisfy that
T knz ∈ B(λx,λε) and T mnz ∈ B(λy,λε). In particular, there exist n1, n2 with n1 > n2 such that
T n2z ∈ B(λx,λε) and T n1z ∈ B(λy,λε). Hence, T n1−n2B(λx,λε) ∩ B(λy,λε) = ∅. Since T
is linear, we have that T n1−n2B(x, ε) ∩ B(y, ε) = ∅, and hence T n1−n2(V ) ∩ W = ∅. From the
proof of Theorem 3.2(a) we know that there exists x ∈ X such that Orb(T , x)∩E is dense in E.
Thus, by Theorem 3.1 T is hypercyclic. 
The following local version of Theorem 3.2 in [11] can be easily deduced from Theorem 3.7,
which slightly weakens the statement of Hypercyclicity Criterion.
Theorem 3.8. Suppose that T :X → X is a bounded linear operator on the Banach space X. Let
U be a non-empty open subset of X, and let E =⋃λ∈R+ λU be its associated cone. Suppose that
there exist dense subsets Y and Z of E, a constant d > 0, and a sequence of positive integers nk ,
such that
(a) lim infk ‖T nkx‖ d for all x ∈ Y.
(b) There exist Bnk :Z → X such that for each x ∈ Z, Bnkx → 0 and lim supk ‖T nkBnkx −
x‖ d .
Then T is hypercyclic.
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